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Recent results about the slow dynamics present in a fully developed turbulent flow are reported.
In a previous paper [de la Torre & Burguete, 2007] we showed that the mean velocity field in
a turbulent flow bifurcates subcritically breaking some symmetries of the problem and becomes
time-dependent because of equatorial vortices moving with a precession movement. This subcrit-
icality produces a bistable regime, whose main characteristics were successfully reproduced using
a three-well potential model with additive noise. In this paper we present the characterization of
the hysteresis region, not previously observed, in this bifurcation. This hysteresis appears only
for an extremely small range of parameters.
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1. Introduction
One hundred and twenty five years after the works
of O. Reynolds on the transition to turbulence, this
regime still astonishes the scientific community with
new results and possibilities [Jansson, 2006; Vatis-
tas, 1990]. The fact is that, due to the nonlinearity
of the Navier–Stokes equation no general solution
has been found, and no theoretical nor numerical
study can face the fully developed turbulent regime
without strong restrictions or approximations. In
this regime, only experimental observations of the
flow can help us understand how nature works.
One of these experiments that have been widely
studied is the flow that appears inside a closed cylin-
drical cavity, whose top and bottom can rotate inde-
pendently (called a von Ka´rma´n flow) [von Ka´rma´n,
1921; Zandbergen, 1987]. After the proposal of this
flow as a suitable candidate for the development of
the dynamo instability [Odier, 1998] several numeri-
cal [Nore, 2003; Nore, 2006; Shew, 2006] and experi-
mental studies [Ravelet, 2005; Ravelet, 2008; Marie´,
2003; Nore, 2005] have been done.
The particular configuration we have studied
uses two different propellers which counter rotate.
Comparable flows have been optimized in sim-
ilar configurations to maximize the magnetohy-
drodynamics (MHD) response [Monchaux, 2007;
Berhanu, 2007]. In this process some important
features of the flow have been simplified to ben-
efit the numerical simulations, for example, mak-
ing the velocity field axisymmetric, or neglecting
the effect of coherent structures (such as equatorial
vortices). Although these numerical studies have
been used to predict successfully the thresholds of
the dynamo action [Gailitis, 2000; Stieglitz, 2001;
Pe´tre´lis, 2003], real flows can present slow dynamics
compared to the magnetic diffusion time that can-
not be neglected and should be taken into account
in the numerical codes.
In this paper, we will focus on the slow dynam-
ics that appears for very large Re numbers. The
flow presents a nontrivial alternation between two
states that breaks some symmetries of the problem.
Our objective is the analysis and characterization
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Fig. 1. Experimental setup: (a) Section along the axis of the cylinder. The cylinder is placed horizontally, inside a tank
of 150 l. (b) Propeller used in the experiment. The arrow indicates the rotation direction (positive in the south propeller).
(c) View of the south propeller from the equatorial plane.
of the hysteresis region that appears in this dynam-
ical system. A simple stochastic model can recover
most of the experimental results, as the residence
times, the exponential escape time and the forced
response.
2. Experimental Setup
The experimental volume consists in a cylindrical
vessel made of plexyglass (Fig. 1), whose top and
bottom ends can rotate independently and mod-
ified at will. The aspect ratio Γ= H/D can be
modified continuously, and for the present results it
has been fixed to Γ = 1. In the configuration used
in this paper, the propellers placed at both ends
have 10 curved blades (blades’ height, 2cm) that
rotate pushing the fluid with the convex side. One
of them, referred in this paper as “North”, is placed
at z = H/2 and the other one, referred as “South”,
is placed at z = −H/2. The container and propeller
radii are, respectively, Rcont = D/2 = 10 cm and
Rprop = 8.75 cm. The experimental Reynolds num-
ber, based on the rim velocity, is Re = VrimRcyl/ν =
2pifpropRpropRcyl/ν. In this paper we induce a dis-
symmetry in the experiment that will be controlled
by a new parameter, the frequency dissymmetry,
defined as ∆ = (fN − fS)/(fN + fS), where fN and
fS are the frequencies of each propeller, north and
south.
The propellers are identical (within a 10µm
precision) and we have taken special care to build an
experimental setup as symmetric as possible. The
geometry of the propellers has been chosen because
of two reasons. First, it allows a high efficiency
in terms of mean flow velocity compared to rim’s
velocity. With other geometries, i.e. flat discs, this
efficiency can be as low as 1/20, whereas in this
configuration is close to one. The second reason is
that this experiment has been conceived to study
the potential application of this flow in a dynamo
experiment. For this application, the flow needs a
balance between the different velocity components
that is achieved using these propellers (see for exam-
ple [de la Torre, 2007b] and references within).
The measurement technique is a classical LDV
velocimetry. With this technique, we can record
extremely long time series (about ∼ 105 rotation
periods) of the velocity field, that allow a full char-
acterization of the slow dynamics of the vortices
present in the experiments. Using these data, the
mean flow is obtained averaging the instantaneous
flow for at least 102 propeller turns.
For this study, the short- and long-term stabil-
ity of the propeller velocities are very important. We
have analyzed this variable using two techniques,
one of them based on the propeller rim’s velocity
measurement using the LDV system, and the other
one using a tachometer acting on the transmission
system between the propeller and the motor. Both
tools lead to the same conclusion: the mean veloc-
ity is stable, both in the short and long terms,
with no appreciable drift within our experimental
resolution (below one part in ten thousand). The
fluctuations are random, normally distributed, and
remain below a 0.07% when compared to the mean
velocity.
The fluid used in this experiment is water, and
the experimental Reynolds number can be varied
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in the range Re = 103–105. It is important to
note that Reynolds numbers below 103 cannot be
reached with the present configuration. Details of
this experimental setup can be found in [de la Torre,
2007a].
3. Results and Discussion
Prior to the new results, we present the key results
obtained previously [de la Torre, 2007a], and that
are needed in this context. For all the range of
parameter values explored, the flow is in a fully-
developed turbulent regime. Here we will focus on
the situation where Re = 3× 105. In this situation,
the flow is not steady, but fluctuates around an aver-
aged state. The mean flow 〈u〉 = (〈ur〉, 〈uθ〉, 〈uz〉)
represented in Fig. 2 is obtained with average veloc-
ity series being longer than 300 times the period of
the propeller. This flow is divided into two toroidal
cells, each of them following the nearest propeller
(positive azimuthal velocity in the south, negative
in the north). In each cell, the fluid is aspired
through the axis towards the propellers, where it
is ejected to the walls. The flow returns along the
cylinder’s wall and the equatorial plane. Concerning
fluctuations, the turbulence rate (rms value over the
mean value) varies between 60−150%.
As it can be observed in Fig. 2, this mean flow
does not preserve the symmetry around the equator
(a pi rotation around any axis in the z = 0 plane,
i.e. Rpi symmetry). In the case presented, the cell
near the north propeller is bigger than the south
one. The broken symmetry is recovered when the
mirror state (south cell bigger than the north cell)
is considered. Each state (labeled as “north” N or
“south” S depending on which cell is the domi-
nant one, i.e. bigger) are equally accessible when
∆ = 0. This dissymmetry is in contradiction with
other works [Ravelet, 2005, 2008] in which the Rpi
symmetry is observed (i.e. the frontier between the
two rolls is always in the plane z = 0). Other exper-
iments at much lower Reynolds numbers [Nore,
2005] (Re ≤ 600) have shown that the axisymmetry
can be broken producing near heteroclinic orbits,
but preserving the Rpi symmetry.
When larger tracers (air bubbles) are used,
coherent structures as vortices are visualized. These
vortices have a characteristic size Dvortex = 5 cm
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Fig. 2. (Left) Contourplot of uθ (toroidal component). The blue and red colors mean respectively negative and positive
azimuthal velocities. (Right) Stream-vectors ur,uz in the plane θ = 0 (poloidal component).
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and appear simultaneously to the dissymmetry of
the mean flow. Previous works in similar con-
figurations [Nore, 2003] showed the formation of
a static vortex in the equatorial plane (z = 0)
for much lower Re, inaccessible with the present
configuration.
The state N or S of the system can be char-
acterized through the azimuthal velocity ueqθ in an
equatorial point near the wall (r = 0.9R, z = 0).
This quantity fluctuates around an average value
(in Fig. 2, 〈ueqθ 〉 ∼ −0.4m/s) with a turbulent rate
that approaches 100%.
A key point is that the averaged value obtained
depends strongly on the period of time used to
obtain this average. For extremely long periods of
time (i.e. larger than 104s), this averaged value
is null, but a first look to the temporal evolu-
tion shows that the real behavior is not so simple:
the system can be in any of two different states
(see Fig. 3, top), each one with opposite average
velocity. These two values of the azimuthal veloc-
ity correspond to the two asymmetric states pre-
viously described as “North” and “South”. When
this average is computed for very long periods of
time, the system evolves jumping between the states
North and South, recovering a perfectly symmetric
(around the equator) velocity field.
The probability density function (PDF) of these
states can be computed breaking up the data series
in time intervals: a low pass filter is applied that
allows to differentiate between N and S and split
the signal (see Fig. 3, top). The shape of these PDFs
does not depend on the cutoff frequency except
for extreme values (fcut → 0 or fcut → sampling
rate). In Fig. 3 (bottom) the PDF of the instanta-
neous azimuthal velocity (uθ) for the two states are
shown: north (with negative most probable uθ) and
south (with positive most probable velocity). Inside
these time intervals, and for each state, the aver-
age velocity can be computed. The absolute value
is the same in both states, it is stable inside each
interval (that can range from some hundreds sec-
onds to various thousands) and proportional to the
propeller’s rim velocity. The typical transition time
in a jump is about 10 s, while the time between
inversions can vary from minutes to hours. These
time scales are much slower than the period of the
propeller (tacq = 2.4 × 105 Tprop, with Tprop = 1/
fprop = 0.2 s).
The analysis of the PDFs shows that these
distributions are not gaussians. Nevertheless, each
one of them (pN or pS) can be described as the
superposition of two gaussians:
pN,S(uθ) = G0 +GN,S =
A0√
2piσ0
exp
(
− u
2
θ
2σ20
)
+
AN,S√
2piσN,S
exp
(
−(uθ − uN,S)
2
2σ2N,S
)
(1)
with A0 +AN,S = 1.
Both distributions pN and pS share the same
properties: one of the gaussians G0 has zero mean,
while the other GN,S is centered around a finite
value (|uN | = |uS | )= 0) that increases slightly with
the Re number. A more detailed discussion about
the dependence of this results on the Reynolds num-
ber, and a discussion about their behavior can be
found in [de la Torre, 2007a].
According to this description, the system visits
three different regions in phase space around uθ =
[0, uN , uS ]. A simple model based on a three-well
potential (one for the symmetric case uθ = 0 and
the other two for the asymmetric states uN,S) will
describe this dynamics:
u˙θ = $uθ + gu3θ − u5θ +
√
2B ξ(t) (2)
where ξ(t) is a noise distribution with noise level
B (playing the role of the turbulence rate) and g
controls the relative depth of the potential wells.
The N state (resp. S) will appear when the system
is wandering between the wells u0 and uN (resp.
u0 and uS). The parameter $ is varied in the range
(−g2/4 < $< 0) where the three solutions uθ =
[0,±(g/2 + (g2/4 + $).5).5] are stable.
Different runs using an Euler–Maruyama
scheme [Kloeden, 1999] were performed in order to
recover the dynamics: for small $ the dynamics is
confined to the region around uθ = 0 whereas for
$→ 0 the numerical evolution presents spontaneous
inversions. In this latter case the PDF of each state
can be computed and compared to experiments.
The characteristic doubly bumped distribution is
obtained, but in the numerical distribution the
queues are not symmetric due to the shape of the
sixth order potential in the neighborhood of uS,N .
The distribution of the times the system stays
in one state (residence times) follows an exponential
decay law (Kramer’s escape rate [Kramers, 1940;
Ha¨nggi, 1990; Chechkin, 2005]):
ρ(t) =
1
T0
exp
(−t
T0
)
(3)
where T0 (escape time-scale, or escape time) is
related to the intensity of noise.
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Fig. 3. (Top) Instantaneous azimuthal velocity temporal series. In order to distinguish between the two possible states, the
spots have been colored, red for the north state (with negative predominant velocity) and blue for the south state (with
velocities mainly positives). The duration of each interval has been labeled as ti, with i = 1, . . . , 9, for each state. (Bottom)
Histogram of the south (blue) and north (red) states. The whole set of intervals has been used to compute these PDFs.
The crosses correspond to the experimental data. The continuous lines correspond to the best fit using Eq. (1) (σ0 = σN,S,
A0 " 0.25, AN,S " 0.75).
When a dissymmetry is forced on the system,
one of the states is favored, and the other is penal-
ized. A very simple way to introduce this effect
is the introduction of a “tilt” in the potential of
Eq. (2):
U = −κuθf(∆)− 12$u
2
θ −
1
4
g u4θ +
1
6
u6θ (4)
where f(∆) reflects the dissymmetry and κ is a posi-
tive parameter. For small ∆, the dissymmetry term
can be expanded in a Taylor series, and retaining
only the first nontrivial term, the model in Eq. (2)
reads (including the stochastic term) as:
u˙θ = $uθ + gu3θ − u5θ + κ∆+
√
2B ξ(t) (5)
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Fig. 4. Schema of the three-well potential used in
Eqs. (2), (4) and (5) for different∆ values. The relative depth
of each well depends on ∆. The gray dashed line corresponds
to the effect of the linear term in Eq. (4).
When∆ )= 0, a dissymmetry appears in the poten-
tial, but when ∆ is small enough, it preserves the
three-well system (see Fig. 4). For this range of ∆, a
hysteresis region is expected. On the other side, for
large values of ∆ one of the wells disappears, and
only one of the states is preserved, as was obtained
in [de la Torre, 2007a].
In the previous paper [de la Torre, 2007a] we
stated that no inversions was observed with∆ )=
0, so up to our precision at that time and mea-
surement times no hysteresis was found. With the
improved experimental setup, we have access to
smaller values of ∆. Depending on the value of
∆, one of the mixed states dominates (see Fig. 5).
This behavior corresponds to a hysteresis region
in Eq. (5). Without any noise, the system goes
to one or the other states depending on the ini-
tial conditions and/or the perturbation of the sys-
tem. Once the system is trapped in one of the
wells, only a sufficiently large perturbation can
make the system jump. When a significant noise
is present, the system will switch from one state
to the other, and back, for random periods of
time.
For a perfectly symmetric problem, the distri-
bution of residence times will be the same for the
North- and South-states. But, when the symmetry
is broken, one of these states will have a distribution
with larger values of the corresponding residence
times than those of the other distribution. Accord-
ing to the procedure described above we can slice
the velocity series in sections with the same state.
For each one of these sections, we can compute
the different residence times (noted as ti in Fig. 3,
red for the North state, and blue for the South
state).
The distributions of these residence times can
be computed, and we have checked that they
effectively describe an exponential decay, as was
(a)
(b)
(c)
Fig. 5. Temporal evolution of the azimuthal velocity at
(r = 0.9, z = 0) for three different experimental situations:
(a) ∆ = 0, symmetric state, (b) ∆ = +0.0017 > 0, the
so-called South-state dominates, and (c) ∆= −0.0017 < 0
where the North-state is visited during longer periods of time.
(The mean frequency of the propellers remains constant in
the three data series: f = (fN + fS)/2 = 7.76Hz.)
expected [Eq. (3)]. In Fig. 6 the corresponding
distributions are presented for two different sit-
uations, ∆= ±0.0017. When∆ < 0 (resp.
∆ > 0), the North state has larger (resp. smaller)
residence times than the South state, as it was
expected.
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Fig. 6. Histogram (in logarithmic scale) of the residence times as defined in Fig. 3 for two different situations: (a) ∆=
−0.0017 < 0, where the north state dominates, and consequently, has longer residence times, and (b) ∆ = +0.0017 > 0, where
the south state dominates. As in other figures, the red symbols (×) correspond to the north state, and the blue ones (+) to
the south state. The straight lines correspond to an exponential fitting using the Kramer’s expression [Eq. (3)]. The slope of
these lines is −1/T0, where T0 is the N,S-state escape time.
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Fig. 7. Escape times T0 for the two states (N,S) as a func-
tion of the dissymmetry parameter∆ . Large (resp. small)
escape time means that the corresponding state remains for
long (resp. short) times. Dashed lines mean that the corre-
sponding points have been obtained with a very poor statis-
tic (very few residence times have been used to construct the
histogram) and should be considered as a tendency.
Using Eq. (3), we can obtain the escape time
T0 for each state and every ∆ value. The results are
summarized in Fig. 7, where it can be observed that
a very precise experimental setup is necessary to
obtain this hysteresis region. Only for |∆| ! 0.002
escape times smaller than 5000s can be obtained,
that is in the limit of most experimental runs. How-
ever, it should be noted that in this configuration
there is a very small dissymmetry in the experimen-
tal setup, because both states have the same escape
time for∆ * −0.0005.
It is important to note that this same setup,
reducing the control on the propeller frequencies
(for example, a natural fluctuation of ∆ of 0.01 is
allowed) will induce fast jumps between the North
and South states that could produce, on average, a
symmetric velocity field around the equator.
4. Conclusions
We have presented experimental evidence of
the subcritical bifurcation of a turbulent flow,
where some symmetries are broken. Two different
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asymmetrical states appear, and a bistability
regime arises that initiates a complex and very rich
dynamics. Using an external forcing, the system can
be controlled and one of the states is favored to the
detriment of the other. The hysteresis region has
been determined, and the experimental residence
times of each solution have been computed. These
times obey an exponential distribution, and the cor-
responding escape times (Kramer escape rate) have
been calculated.
A toy model has been introduced, that can suc-
cessfully recover the characteristics of the dynam-
ics. These results have been obtained using a highly
precise experimental setup, where the propellers fre-
quency stability is assured, up to a value of a 0.07%.
It is important to note that a less controlled exper-
imental setup will induce fluctuations and time-
dependent asymmetries on an such a way that the
broken symmetries can be recovered on an average.
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